
Questions on strong transitivity

Let X be a compact metric space. The iterations of a continuous map Φ : X → X defines a
dynamical system. A minimal dynamical system is a system that has no non-trivial sub-system, that
is, any closed set E ⊆ X satisfying ΦE ⊆ E is either empty or the whole X itself. Equivalently,
(X ,Φ) is minimal if the orbit of every point x in X is dense. See [KvS09].

A transitive system is a system that has a dense orbit. Equivalently, a system (X ,Φ) is transitive
if for every two non-empty open sets U, V ⊆ X , there is a time k ≥ 0 such that ΦkU ∩ V 6= ∅.
If for every two non-empty open sets U, V ⊆ X , all but finitely many time steps k ∈ N satisfy
ΦkU ∩ V 6= ∅, then the system is said to be (topologically) mixing. See [KvS97].

In between minimality and transitivity, we have the notion of strong transitivity. A system is
strongly transitive if for every point x ∈ X , the set

⋃
k≥0 Φ−kx is dense, or equivalently, if every

non-empty open set U ⊆ X satisfies
⋃

k≥0 ΦkU = X . Another equivalent condition is that every
non-empty backward invariant set (i.e., a set ∅ 6= E ⊆ X with Φ−1E ⊆ E) is dense. In particular,
every strongly transitive system is backward minimal, meaning that the only backward invariant
closed sets are ∅ and X .

The term “strong transitivity” is not standard, and some authors (e.g., [Par66, Kam02]) use it
to refer to the stronger condition that every non-empty open set U ⊆ X satisfies

⋃n
k=0 ΦkU = X

for some n > 0. The two notions coincide when Φ is an open map, in which case they become
equivalent to backward minimality.

Example 1 (Tent map). The tent map Φ(x) , 1−|1− 2x| on the interval [0, 1] is strongly transitive.
Indeed, it follows by induction that for every point x ∈ [0, 1] and each n ≥ 0, the set Φ−nx has at
least one point in each interval 2−n[k, k + 1] for k = 0, 1, . . . , 2n − 1. Therefore, for every open set
U ⊆ [0, 1], there is an n ≥ 0 such that ΦnU = [0, 1].

Coven and Mulvey [CM86] have proved that every transitive, piecewise monotone (continuous)
map Φ : [0, 1]→ [0, 1] is strongly transitive: for every interval J ⊆ [0, 1], there is an n ≥ 0 such that
ΦnJ ∪ Φn+1J = [0, 1]. Kameyama [Kam02] has generalized the above strong transitivity result by
relaxing the continuity condition to piecewise continuity. #

Example 2 (Irrational rotation). Let θ ∈ R. The map Φ(x) , x+θ (mod 1) on the unit circle [0, 1]
(0 and 1 glued together) is called a rotation by θ. Every irrational rotation is minimal, and hence
strongly transitive. (In a minimal system (X ,Φ), every non-empty open set satisfies

⋃n
k=0 ΦkU = X

for some n ≥ 0.) On the other hand, a rotation is not mixing. In particular, Φ maps every interval
of length r to an interval of length r, which means that ΦnU 6= [0, 1] for every open with length
less than 1 and every n ≥ 0. #

Example 3 (XOR cellular automata). The XOR cellular automaton Φ : {0, 1}Z → {0, 1}Z de-
fined by (Φx)i , xi + xi+1 (mod 2) is strongly transitive. More generally, every bi-permutive
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cellular automaton is strongly transitive. (A cellular automaton Φ : SZ → SZ with (Φx)i =
f(xi−l, xi−l+1, . . . , xi+r) and r+ l ≥ 1 is bi-permutive if for every u ∈ Sl+r, the functions a 7→ f(au)
and b 7→ f(vb) are bijections.)

Like the tent map, the bi-permutive cellular automata have the property that for every non-
empty open set U ⊆ SZ, there is an n ≥ 0 such that ΦnU = SZ. #

A system (X ,Φ) is positively expansive if there is a constant ε > 0 such that every two distinct
points x 6= y are eventually ε-separated (i.e., d(Φnx,Φny) ≥ ε for some n ≥ 0). Kameyama [Kam02]
has shown that a map Φ that is transitive, open and positively expansive is also strongly transitive.

Example 4 (Positively expansive cellular automata). Every positively expansive cellular automa-
ton (on a mixing subshift of finite type) is open and mixing. Therefore, it is also strongly transitive.
In fact, every positively expansive cellular automaton is conjugate to a mixing one-sided subshift
of finite type (see [Kůr03]). #

Question 1. What is an example of a backward minimal system that is not strongly transitive?

Moothathu [Moo05] has shown that every surjective cellular automaton is semi-open, meaning
that the image of every non-empty open set has non-empty interior. (This is true for every surjective
cellular automaton on a strongly irreducible subshifts of finite type.)

Question 2. Is every backward minimal cellular automaton strongly transitive?

Question 3.1 (Moothathu [Moo05]). Characterize the strongly transitive cellular automata.

Question 3.2 (P. Guillon). Is every one-dimensional strongly transitive cellular automaton a com-
position of a shift and a positively expansive cellular automaton?

Question 3.3. Is every strongly transitive cellular automaton an open map?

Question 3.4. Does every open and strongly transitive cellular automaton have the property that
some iteration of each non-empty open set is the whole space (i.e., ΦnU = X for some n ≥ 0)?

In general, a strongly transitive system does not need to be mixing: any non-mixing minimal
system (such as an irrational rotation) would be an example. However, Moothathu [Moo05] has
shown that transitive cellular automata are weakly mixing. A system (X ,Φ) is said to be (topolog-
ically) weakly mixing if the product system (X ×X ,Φ×Φ) is transitive. In fact, the same argument
shows that every finite Cartesian power (X ×X × · · · × X ,Φ×Φ× · · · ×Φ) of a transitive cellular
automaton is is transitive. However, the transitivity of all finite Cartesian powers is known to be
equivalent to weak mixing for all dynamical systems [Fur67]. In fact, a system (X ,Φ) is weakly
mixing if and only if for every two non-empty open sets U, V ⊆ X , the set {k : ΦkU ∩ V 6= ∅} has
arbitrarily long blocks of consecutive integers.

Question 4. Is every strongly transitive cellular automaton mixing?

A positive answer to Question 3.2 (or positive answers to Questions 3.3 and 3.4 combined) would
obviously lead to a positive answer to Question 4.

A dynamical system (X ,Φ) is said to be ergodic with respect to an invariant (Borel) measure µ
on X if every two (Borel) measurable sets A,B ⊆ X satisfy

lim
n→∞

1

n

n−1∑
k=0

µ(Φ−kA ∩B) = µ(A)µ(B) . (1)

2



By Birkhoff’s ergodic theorem, a system is ergodic with respect to µ if and only if every backward
invariant measurable set B ⊆ X satisfies either µ(B) = 0 or µ(B) = 1. Another equivalent condition
is that for every two measurable sets A,B ⊆ X with µ(A), µ(B) > 0, there is a time k ≥ 0 such
that µ(Φ−kA ∩B) > 0.

A system (X ,Φ) is (strongly) mixing with respect to an invariant measure µ if

lim
n→∞

µ(Φ−kA ∩B) = µ(A)µ(B) , (2)

for every two measurable sets A,B ⊆ X , and is weakly mixing if

lim
n→∞

1

n

n−1∑
k=0

∣∣µ(Φ−kA ∩B)− µ(A)µ(B)
∣∣ = 0 , (3)

If the system is weakly mixing with respect to µ, there is a set J ⊆ N of density 1 such that

lim
J3n→∞

µ(Φ−kA ∩B) = µ(A)µ(B) , (4)

for every two measurable sets A,B ⊆ X (see [Wal82], Theorem 1.22). Another condition equivalent
to weak mixing is that (X × X ,Φ× Φ) is ergodic with respect to µ× µ.

Every positively expansive cellular automaton on a full shift is known to be strongly mixing
(even Bernoulli) with respect to the uniform Bernoulli measure [BM97]. Indeed, every such cellular
automaton is conjugate to a mixing one-sided subshift of finite type (see [Kůr03]). The uniform
Bernoulli measure maximizes the entropy for the cellular automaton, and therefore is mapped by
the conjugacy map to the Parry measure of the conjugated mixing one-sided subshift of finite type.

Question 5.1. Is every strongly transitive cellular automaton on a full shift ergodic (or mixing)
with respect to the uniform Bernoulli measure?

If X is a subshift of finite type that is intrinsically ergodic (i.e., it has a unique shift-invariant
measure maximizing entropy), then every surjective cellular automaton on X preserves the unique
measure of maximum entropy on X [Hed69, CP74, MS01].

Argument.p If Φ : X → X is surjective, it also maps the set of shift-invariant measures on X onto
itself. On the other hand, the measurable entropy is non-increasing under factor maps, and therefore,
hΦµ(X , σ) ≤ hµ(X , σ).x

In particular, every surjective cellular automaton on a one-dimensional mixing subshift of finite
type X preserves the Parry measure on X .

Question 5.2. Is every strongly transitive cellular automaton on a intrinsically ergodic strongly
irreducible subshift of finite type ergodic (or mixing) with respect to the unique shift-invariant
measure of maximum entropy?

Every cellular automaton that is ergodic with respect to a measure µ is also weakly mixing with
respect to µ, provided that with respect to µ, the shift is weakly mixing. The argument (P. Guillon)
is similar to Moothatu’s argument for the topological counterpart.

Argument.p Let U, V, U ′, V ′ ⊆ X be measurable sets with positive µ-measures. Since µ is weakly mixing
for the shift, there is an l such that both W , σ−lU ∩ V and W ′ , σ−lU ′ ∩ V ′ have positive µ-measures.
If a cellular automaton Φ is ergodic with respect to µ, then Φ−kW ∩W ′ also has positive µ-measure for
some k ≥ 0. Since Φ−kW ∩W ′ is contained in Φ−kV ∩ V ′, and its l-shift is contained in Φ−kU ∩ U ′, it
follows that both Φ−kU ∩ U ′ and Φ−kV ∩ V ′ have positive µ-measure. Therefore, the product cellular
automaton Φ× Φ is ergodic with respect to µ× µ.x
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A strongly transitive cellular automaton on a full shift does not preserve any Gibbs measure other
than the uniform Bernoulli measure. More generally, if µ is a Gibbs measure on a strongly irreducible
subshift of finite type that is invariant under a strongly transitive cellular automaton, then µ has
the uniform specification (and in particular, has maximum entropy if it is shift-invariant) [KT13].
On the other hand, every surjective cellular automaton with periodic orbits (including all cellular
automata defined on full shifts) has purely atomic invariant measures concentrated at periodic
orbits.

Question 6. Is there a strongly transitive cellular automaton (on a full shift) that has a jointly
invariant measure (i.e., a measure invariant under both the cellular automaton and the shift) that
is neither atomic nor the uniform Bernoulli measure nor a convex mixture thereof?

For the XOR cellular automaton Φ, Host, Maass and Martínez [HMM03] have shown that the
only jointly invariant, shift-ergodic probability measure with positive entropy with respect to Φ is
the uniform Bernoulli measure. Another remarkable result about the XOR cellular automaton by
Miyamoto [Miy79, Miy94] is that the only jointly invariant shift-mixing probability measures are the
uniform Bernoulli measure and the Dirac measure concentrated at the homogeneous configuration
with 0 everywhere. Several similar results are obtained for algebraic cellular automata (see [Piv09]).
Question 6 mirrors Furstenberg’s conjecture regarding the jointly invariant measures of the maps
2× and 3× on the unit circle T = R/Z. The conjecture is that the Lebesuge measure is the only
non-atomic measure that is invariant under 2× and 3× and ergodic with respect to their joint action.
The result of Host, Maass and Martínez is parallel to that of Rudolph [Rud90] which asserts that
any ergodic invariant measure for 2× and 3× other than the Lebesgue measure must have zero
entropy with respect to both 2× and 3×.

At the topological level, Furstenberg already showed that the system (T, 2×, 3×) is ‘almost
minimal’ in that the only non-transitive points are those that are periodic for both 2× and 3× (i.e.,
the rationals) [Fur67]. In particular, every minimal subsystem of (T, 2×, 3×) is finite, consisting of
the orbit of a jointly periodic point. Characterizing the minimal subsystems of the joint action of
the XOR cellular automaton and the shift seems to be an open problem, although, exploiting the
self-similarity of the system, a variety of infinite proper subsystems can be constructed.

Question 7. Can the joint action of a strongly transitive cellular automaton and the shift have
infinite minimal subsystems?

An infinite dynamical system that is transitive and has a dense set of periodic points is considered
to be chaotic (Devaney’s definition [Dev89]). Every neighborhood in such a system contains points
with drastically different orbits. In particular, every infinite Devaney chaotic system is sensitive to
initial conditions [BBC+92, GW93]. A dynamical system (X ,Φ) is sensitive to initial conditions if
there is an ε > 0 such that every point x ∈ X is ε-unstable. See [Kůr03].

It is conjectured that every surjective cellular automaton has dense periodic points. This is
proved for those cellular automata (on one-dimensional mixing subshifts of finite type) that are
equicontinuous [BT00] or closing [BK99]. In particular, every one-dimensional open cellular au-
tomaton has dense periodic points.

Question 8. Does every strongly transitive cellular automaton have a dense set of periodic points?

Acerbi, Dennunzio and Formenti [ADF09] have proved that (in the one-dimensional case,) the above
conjecture can be reduced to the case of one-sided strongly transitive cellular automata: if every
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strongly transitive cellular automaton on a one-sided full shift has dense periodic points, so does
every surjective cellular automaton on a (one- or two-sided) full shift.

A corollary of Furstenberg’s results [Fur67] (Theorem II.2 and Proposition II.2) is that a weakly
mixing system with dense periodic points cannot have a non-trivial minimal factor. Therefore,
a possible approach to refute the denseness of periodic points conjecture is to find a (one-sided)
(strongly) transitive cellular automaton that has a non-trivial minimal factor.
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